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A systematic correction to the geometric quantum conditions of Bohr, 
Sommerfeld, Wilson, Einstein, and Brillouin is given, which provides the 
extra 4 for the harmonic oscillator without disturbing the values they give for 
the hydrogen atom. 
1. INTRODIJCTI~N 
A concept of geometric quantization has been proposed by Kostant [7] and 
Souriau [13,14]. Quantum numbers arise in that theory because of a requirement 
of integrality of a 2-form [lo] or other devices [1 11. We propose to vary this 
scheme by imposing integrality on a certain l-form. 
If this l-form is taken to be the usual differential form of action in phase 
space, then the quantum numbers are those given by the rules of Bohr, 
Sommerfeld, Wilson, Einstein, and Brillouinl which give only integers [6]. 
However, we propose to add a correction to this action form by a term whose 
exterior differential is 0. This correction depends on the polarization chosen, 
and is essentially the logarithmic differential of a complex-valued mapping 
proposed by Arnol’d [1], and whose integral over a closed curve gives its Maslov 
index [l]. 
The benign effect of this correction term is not limited to the case in which 
the integral manifolds of the polarization are not simply connected; i.e., it makes 
a difference even when these leaves are simply connected. 
We have no general theorems on the subject, just a few examples. One example 
shows why the “correction term” does not result in changing the energy levels 
for the hydrogen atom from those given so successfully by the Sommerfeld- 
Wilson rules. (We do not wish to suggest the correction only in those cases where 
it helps.) 
* Preparation of this paper was supported by the National Science Foundation under 
Grant GP 33695X. 
1 For brevity, we refer to any such rule as a Sommerfeld-Wilson rule 141. 
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It is a pleasure to acknowledge useful conversations with Professor D. G. 
Babbitt, who referred me to [l], and Professor J. lr. Ralston, who referred 
me to [3]. 
2. THE PROPOSED THEORY 
The particular concept of geometric quantization which we present here is a 
variation on the theme of Souriau and Kostant.2 Rather than only indicate 
where the change is, we will recapitulate the concept very brie%, but in a 
simplified way without doing justice to some of the particularly important 
features of their method, such as their use of integrality instead of exactness for 
the symplectic structure. 
Let S be a manifold (of even dimension 2n) on which there is an exact non- 
degenerate 2-form W. A polarization is an n-dimensional distribution 9 such 
that at each points in S, and any two vectors X, Yin F8 , one has S:W; X, Y) == 0. 
A maximal connected integral manifold of 9 will be called a leaf. Having decided 
on a polarization, we select a l-form 01 such that w == dol and a positirc number h 
and declare a leaf L to be 9, a-quantic if the integral of a! around any closed 
curve in L is an integer times h. 
A wave function v is a function defined on the union of the set of quantic 
leaves such that at each point s of S there is a function vs defined in a neighbor- 
hood of that point agreeing with the given y and such that (hdp, - 2riqm, F) = 0 
for every F in fls . 
The restriction to quantic leaves is essential because there may not be single- 
valued functions on S such that (hdp, - 2r&pol, F) = 0 for all F in *F6, except 
cp -0. 
It is obvious that if cp, 1c, are wave functions then ~t+8 is constant on each quantic 
leaf. The way to make a Hilbert space out of wave functions requires no further 
comment. 
For a function H on S define 
where the differential operator {H} is defined by (2~; F, {H}) = F(H) for all F, 
and {H, 9)) = {H] y. Here hj == 2&, so thatj-l is the familiar -C. 
It can be shown that if v is a wavefunction and [(H), F] is a vector field 
in F, if F is in F, then p(H) v is also a wave function. Finally, if {H} is 
itself in F, then H is constant on each leaf, and p(H) p = cpH for each wave 
function y. 
? Besides the references already given, there is [I 21, which I follow closely. See also [9]. 
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3. THE HARMONIC OSCILLATOR 
Now we give an example showing how the spectrum of p(H) can be affected 
by the choice of 01, although 01 is restricted by the requirement of d~r = W. It is 
the harmonic oscillator. S is the Cartesian plane bereft of the origin. H shall 
be (p” + x2)/2 and w = dp A dx where x, p are the Cartesian coordinates in S. 
We will not attempt to deal with the most general polarization which is 
preserved by H, but only with a one-parameter family which seems to represent 
the general situation. We let 9 be generated by the single-vector field 
where k is a constant. When k $; 0, the leaves are Fermat spirals. In polar 
coordinates, 
An obvious choice for OL would be (-r2/2) de but we will use 
a = -(G/2) de + b/3, 
where 
(3.2) 
(3.3) 
(which is closed but not exact on S) and b is a constant. 
Calculation yields 
whence the wave equation is 
h ($ g + g) = 27+(a, F). 
We note also 
For the moment, we assume k # 0. Then the general solution to the wave 
equation is 
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Every leaf is quantic (since k # 0) and p has to the single-valued on their 
union, so CD must have period 2~. From this it follows that the eigenvalues of 
p(H) are --(6/r) + nh. 
If b is chosen as --h/4, this spectrum is (n + 4) fi, which is what Schr6dinger’s 
equation gives. 
We now consider K = 0, which causes the leaves to be circles. For a leaf of 
radius r, the integral of 01 is ---Y% - b/2. Thus the leaf is quantic if and only if 
r2n + b/2 = nh. This means that on a quantic leaf, H = h(n - b/2h), n an 
integer. In this case where k = 0, the vector field {H) is in the polarization, and 
so p(H) is a multiplication operator, on wave functions. Thus its spectrum 
consists of those numbers fi(n - b/2h) which are nonnegative. This is the 
Schrbdinger spectrum when b = -h/4. 
It is important that /3 not be exact. If one were to change 01 by adding an exact 
df, then the new wave functions would be q expf jf ), where 97 represents the old 
wave functions. If u(H) is used to denote the new p(H), then o(H) ((p) exp(jf)) = 
(p(H) v) exp( jf). Thus the spectrum of H (roughly speaking) could not be 
shifted by adding df to cy. 
With b equal to zero, we obtain the quantum levels delivered by the 
Sommerfeld-Wilson [4, 61 rules. This holds for an arbitrary system also. 
Let us examine the 01 we did use. The term -r2/2 d8 differs only by something 
exact from pdx, which is the natural or cotangent form in this phase space (or 
cotangent bundle.) We have to show that the correction term (-h/4) /3 is not 
something arbitrarily contrived to produce a 4. This ,6 is in fact the Amol’d 
form for the polarization used. This term is explained next. 
4. THE ARNOL'D MAP 
Let U be a 2n-dimensional real linear space with a real inner product ( , ) 
and a linear map / such that /(Ju) = - u f or all u in U. (In most applications, 
one also has J isometric.) It is easy to prove the following. If ul ,..., II,,, are 
linearly independent and (ui , Jz+) = 0 for all i and j, then u1 ,..., u, , JuI ,..., Ju, 
are also linearly independent. If a subspace L has a basis ul ,..., u, such that 
(ui , JuJ = 0 for all i, j then L is called Lugmngiun. 
PROPOSITION.~ Let L, , L, be Lugrangian subspaces. Let u1 ,..., u, be a basis fog 
L, and4 suppose 
vj = ujkUk t bjkhk (j = I)...) n) 
3 A slight generalization of Amol’d’s discussion, who deals concretely with l%*” [l]. 
4 We use the summation convention, summing from 1 to n. 
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is a basis for L, . Then the complex matrix A + iB (where A = (Q), B = (bj,)) 
is nonsingular and 
det(A + iB)/det(A - iB) 
depends only on L, , L, . 
Proof. Let the ui and vi be as above. By our assumption about L, and L, , 
Ul ,..-, %z, Ju, is a basis for U and so is vr ,..., v, , Jvl ,..., Jv, . Now 
J(q) = -b$;‘; ujk Juk . H ence the change of basis matrix is 
det C = det 
( 
-izz A”) =det(AiiB A!iB) = Idet(A+iB)12. 
Showing independence of the bases chosen is routine. We are thus justified 
in denoting the quantity by ‘QI(L, , L,). Of course it has absolute value 1. It 
is easy to prove more (and we leave out the proof). 
PROPOSITION. qh 7 L3) = Wl > L,) %(L, , L3). 
Now let S be a symplectic .manifold which is also Riemannian and has an 
almost-complex structure J relating the symplectic with the Riemannian in the 
following way. If X, Y are two vector fields on S, then the operator J changes Y 
to a new vector field JY such that (X, JY) = w(X, Y). J is supposed linear, 
@ = - 1, and J is supposed to define a smooth tensor field. 
Assuming this, let 9, 9 be two polarizations on S. At each point s of S we 
define a(s) = 21(F3, 9J. We thus obtain a mapping of S into the unit circle 
in the complex plane. Arnol’d shows that if f maps the unit circle into S then the 
degree of a 0 f coincides with an index defined by Maslov. Consider the l-form 
/3 = (1/2rri) (da/‘%) 
on S. We will call it the Amol’d form. From what we have said it is evident that 
is the Maslov index of the closed curve c in S. Of course, ,!I depends on F-, 3. 
It is closed (d/3 = 0) but not exact unless ‘3 has a continuous logarithm on S. 
Suppose S is the cotangent bundle T,(M) of an n-dimensional manifold m. 
This has a natural sympletic structure and in fact a natural l-form, p, dxi, which 
we shall refer to as cot, to save greek letters. T,(M) has also a favorite polarization 
8, namely, of those vectors which are annulled by the projection of T,(M) on 
M. B is generated by the vector fields 
wp, ,..., alap, . 
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Suppose there is a natural way to introduce an almost complex structure J 
into T,(M) in such a way that u(X, JY) d e fi nes a positive definite symmetric 
bilinear form. 
Then there is a natural way to assign an Arnol’d map and form to a single 
polarization, 9, namely, the 91(9,9) or the a based on this 5% 
When 1M is IiP, then a J is easily found.5 Use Cartesian coordinates xl,..., xn. 
Let the associated “momenta” be p, ,..., p , so that cot = pi dxi. Define J 
linearly, beginning with 
J($-)-$, J(&-)--& 
2 z 
We will illustrate these ideas by showing that the /3 of the previous section is 
indeed the Arnol’d form of the polarization F generated by the vector field F. 
In the present case, B is generated by ajap. 9 is generated by 
Thus the Arnol’d map is 
4X = ((r2 + ik)/(r” - ik)) e-eis. (4.1) 
From this we obtain 
1 d% --= 
27ri 9l (4.2) 
When it is a matter of distinguishing quantic leaves which are not simply 
connected, one needs only the Maslov index of the closed curve involved. For 
this the Arnol’d form is less useful than the Arnol’d map PI. One can see that 
5 In terms of curvilinear coordinates u’,..., u” with “momenta” q1 ,..., q,, one can show 
that 
In the case of an arbitrary Riemannian manifold M, one could use this as a definition of J 
and thus define Arnol’d maps, etc. An example of these formulas is in [w3, in terms of 
cylindrical coordinates, Y, z, 0. 
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the Maslov index is -2 times the winding number of the curve. When we divide 
this by 4, we obtain the half-integer. (The Maslov index is always even when the 
polarization s generated globally b n vector fields, asin this case.) 
Keller [6] mentions that phases hift by exp(--inx/2) where m is the number 
of dimensions lost by a tube of rays when passing through a caustic. Since 
7r/2 = (2rr)/4, perhaps this explains the $. (See also [5, p. 811.) However, the 
main indication that the Arnol’d form should be included in any scheme for 
geometric quantization is Maslov’s theorem that the Sommerfeld-Wilson 
action integral, corrected or augmented by the Maslov index, leads to an 
asymptotic description of the energy levels of the Schrodinger equation [I, 3, 81. 
5. ANOTHER EXAMPLE: CENTRAL FORCE IN THE PLANE 
We will base our discussion on the polarization 9 offered by the Hamiltonian 
H = HP? + (~e2ir~)) + W) 
and the angular momentum L = P0 . More specifically, et S be the part of 
TI( R2) on which - 1 < 2HL2 < 0 and let 9 be generated by the vector fields 
(H) and (L), which in fact commute and have w((H>, {L>) = 0 because (H, L) = 0. 
Changing the sign of {H} and dropping the a/% term (since it is present in {L)), 
F is generated by 
(T - ~2~3) alapT -pp,alar and alas. 
We recall our formulas for j(a/ap,) and J(a/ap,), J(r) and J(0). They read 
j(Y) = a/ay + ~~~-1 alap, , j(e) = R-2a/se + y-3peajap, - +prajap, . Thus 
9 is generated by 
and 
(v - ~2~3) a/app, + y-55a/aps -P,](~) + o/(e) 
-y-=wpp, + yp,a/ap, + w(y) + q(e). 
Accordingly, the Arnol’d map ‘91 = det M/det M, where 
M = V’ - ipr - r-3L2 
( 
r-lp,L 
--r-IL rp, + iY2 1’ 
whence det M = y[pr(r + V')+ i(-2H + 2V+ YV’)]. 
Let r(t) be the orbit of a particle inR2 acting under this central force. Let 
f(t) = (r(t), p(t)) be the corresponding curve in the phase space S. The following 
observation is convenient and illuminating. 
PROPOSITION. Suppose V' (= dV/dY) is positive. Suppose d(2 V + Y V’)/dY 
409/59/I-8 
112 RICHARD ARENS 
is never 0. Suppose df?jdt is positive in the motion f (t). Then the Arnol’d map trans- 
forms the part of the orbit between one apse and the next, onto the circle from -TT 
to +rr (excluding the case of a circular orbit). 
Proof. At an apse, p, = 0 and 2H - 2V - rV’ takes on the value 
+L2 - rv‘. If r2L2 - rV’ is 0 at an apse, the orbit is a circle, which is excluded. 
We will show that this quantity changes sign from one apse r, to the next, r2 . 
Indeed, suppose it were never negative. Then 
0 < JTr(L2rp3 - V’) dr = -[(L2/2r2) + V]: = -H 1:: . 
This is absurd. The same goes for r- 2 2-rV’<0.S~-2H+2V+rV’takes L 
on opposite signs at successive apses. Take the case (2V + r V’)’ > 0. Then 
these signs will be - and + if rl < r2 . Now consider det M. The real part goes 
from 0 to positive and then to 0. The imaginary part goes from negative to 
positive. The Arnol’d map is obtained by normalizing det M and squaring it. 
This establishes the proposition. 
Consider the harmonic oscillator in the plane, R2. There the orbit has four 
apses, whence the Maslov index is 4 and there are no half-integers in the energy 
levels. 
Consider the inverse square law V = -l/r. With two apses, the Maslov 
index is 2. The curve p(t) may be described as 
r = a2(I - e cos 0)-l, e = 0, p, = a-le sin 9, p. = a. 
This curve lies on one leaf of the polarization, namely, the leaf on which 
L = a and H = (e2 - 1)/(2a9). (Th’ 1 IS ea is a torus.) Since the Maslov index is 2, f 
the quantic condition requires that for some integer n, 
(l/h) j P, dr + % de - i(2) = n. 
Integration yields 
H = -1/2h(n + g)2. 
The theory of Maslov assures us that these are asymptotic to the eigenvalues 
of the Schrddinger operator. Actually, this is an instance where they are exactly 
right. 
The quantum levels for L are revealed by the curve r = b, 0 = 8, p, = 0, 
p0 = a. (By accident, this happens to be a dynamical trajectory, but we cannot 
use the proposition.) However, det M is pure imaginary (even constant!) so the 
index is 0. The Sommerfeld-Wilson rule therefore requires no correction and 
gives L = integer. 
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We did not prove that these energy levels would be obtained for every 
polarization 9 making H quantizable (i.e., [(H}, F] C 9). It is expected to be 
true. 
6. INWRSE SQUARE LAW CENTRAL FORCE IN [w3 
The space S shall be that part of T,(UP) on which (in terms of cylindrical 
coordinates 
is negative. 
Let 
H = $(prz + pzL + (po2/r2)) - (z” + ,2)-1/Z 
and 
R = z[P,~ + (po2/y2) - (y2 + z2)-Y - prp, 
L =po. 
These are the x components of the Runge-Lenz vector, and of the angular 
momentum, and H, R, L forp a triple of commuting6 variables. We will choose 
the polarization defined by {H), {R}, {L}. We let p2 = r2 + z2. Let U, V, W 
be, respectively, -{R} minus its a/% term, -{H} minus its a/% term, and 
{L} = a/%. We record them with x and p, set equal to 0, because these values 
will suffice for our purpose. 
V=(f-+$&pr& w=$). 
In footnote 5, we gave formulas for the J(a/ap,), etc. Abbreviating these by 
J(r), J(z), J(0) we use the formulas to remove ajar, a/&z, a/S. This yields 
U= (P,a+$-$$ + P~JM 
L a 
WE --- 
r ap, 
+ y”J(4. 
6 See [2], where this system is called the Kepler problem. 
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The Arnol’d map for the polarization (restricted to z = pz = 0) is given by, 
det iVl/det M, where M is the matrix 
M = 
0 
1 L2 
r r3 
L -- 
r 
iPr 
0 
0 
Lp, 
r 
rp, + r2 
Let D = det M. Then D = -DID, , where D, is the element in the top row 
of M and 
- L2c2 - ipT 
4 = I-’ -Lr-l 
Lrwlpr 
rp,+r2 ’ 
which we have studied before, in the planar case. We will use that earlier study 
in the following way. Consider a closed curve c in S. Then the Maslov index 
is the sum of the degree of c under the mapping Or/& . For example, let c be 
the curve I?,, described by r = a2(l - e cos 0)-l, z = 0, 6 = 8, p, = ea-l sin 6, 
p, = 0, P, = lz, 0 < ea < 1. The degree of the mapping D,/& of E,, is just what 
we showed earlier to be 2, since there are two apses. The other factor D, equals 
e e - cos.0 
! 
+isin0 . 
a a I 
This winds around the origin once in the negative direction. Hence the degree 
of D,/D, is -2 and the Maslov index of E,, is 0. When this result is freed from 
the limitation z = p, = 0 then it will follow that the Sommerfeld-Wilson 
integral gives the energy levels we want, and there will be no half-integers as 
there were in R2. 
Before coming to that, we consider F, , described by p, constant, pi = 0, pO 
constant, r constant, z = 0, 8 = 6. Since every entry of M is constant, the Maslov 
index of F,, is 0. 
For the following discussion, we are well advised to denote the L above by 
L 3, and the R by R, . Using vector notation, L = r x p, R = L x p + r/r, 
where 
L -&,L,,L3), r = (x, Y, ~1, P =(P,7P,,P& R = (Rl , R, , 4). 
We ask the reader to accept the following result of computation. 
LEMMA. If [w3 is rotated through an angle o( about the y axis, then the curves 
4 j Fo are rotated into curves Eti, F, on which H 2: (e” - 1) (2a2)-I, 
R, =.- -e sin oi, andL, = a cos 0~. Moreover, if three numbers A, p, v are given with 
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v < 0, then 01, a, and e with 0 < ez < 1 can be found, making H, R, , L, equal to 
v, A, p respectively. 
Now suppose we have a leaf of P. On that leaf, H, R, , L, have constant 
values V, A, CL. We take 01, a, and e as above and form E, , F, . These will lie on 
our leaf. By continuity, the Maslov indices will still be 0. Now require the leaf 
to be quantic. Since the indices are 0, this reduces to the Sommerfeld-Wilson 
condition applied to E, , F, . The integrals are of course rotation invariant, so we 
may just as well apply them to E,, , F, . Computation shows that we must have 
H = 1/2&z”, L, = fim, 
where n, m are integers. These are the Schrodinger values for I’ = - 1 /r in [wa. 
7. THE SPACE ROTATOR 
Our procedure does not always give the same energy levels as those given by 
the eigenvalues of the Schrddinger operator. We present just one example, the 
“space rotator” or particle constrained to move on the unit sphere. In terms of 
longitude v and latitude 8, the metric is co9 0 dq2 + doz. The Hamiltonian is 
H = 3(pe2 + (1/(cos2 e)) P,“), 
where p, = fl and p, = ci, cos2 8. We select the polarization defined by H and 
P m , which commute. The vector fields are a/L+ and 
-{H} = g&P.2&-Pe; + *, (7.1) 
where * is a term with a/a9 and hence may be ignored. 
We require an almost complex structure in T,(s2) and since S2 is Riemannian 
we can follow the suggestion in a footnote above. This leads to the formulas 
a a sin 0 8 -7zc 
a9 
-Sin e cos ep, ap, + XePo a~, + cos2 0-f (+-) (7.2) 
and 
a 
Z Yose -=P&&+J($J. 
We insert (7.3) into (7.1) and drop off the * term, obtaining 
sin e a -- 
CoSepep~ap, +T ;;‘s’ ; PQZ & - PJ (&) * 
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For this together with (7.2) we write the matrix 
sin e sin e 
M= 
i 
- &J PeP, =Pw” - ip, 
-sin e cos ep, + i ~052 e sin e ~ 
cos e PO 
for which det M/det M gives the Arnol’d map 5X. Calculation yields det M = 
-COS S(p, cos e + 2Hi sin 8). 
The first curve that comes to mind on which to use this to find the Maslov 
index is that corresponding to the equatorial circuit 
cp = at, e = 0, 
to which one must adjoin p, = a, p0 = 0. However, this makes det M = 0 and 
indeed this curve lies in a part of T,(P) where our proposed polarization breaks 
down in the sense that {H} and {p,} are linearly dependent. However, a rotation 
about the y axis (through an angle /3) sends this equatorial curve C into a curve 
C’s on which 
pecose =asin/3cosat 
and 
sin 0 = sin /3 sin at, 
whence 
det M = -cos 0 sin ,B(cos at + ia sin at). 
As t proceeds from 0 to 2nla, det M/det M winds twice about the origin and 
thus the index of C, is 2. Thus the condition for a quantic leaf is 
As usual, p,d, + pod0 = 2H dt = a2 dt, so that a = (n + +) ii and 
H = P(ns + 71 + *)/2. However, the Schrodinger result [4, 8-441 is H = 
P(n2 + n)/2. (The Sommerfeld-Wilson rule gives H = @n2/2.) 
8. COMPLEX POLARIZATIONS 
Kostant [7] has proposed the use of complex polarizations. We propose to 
show that the use of the Arnol’d form gives the “right” values for the harmonic 
oscillator. The only problem is that we have no functorial method for deducing 
the Arnol’d form from the polarization (such as that provided in the real case.) 
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We take the symplectic structure and H as in Section 3, but use the complex 
polarization 
F = (a/&) + ;(a/+). (8.1) 
We use the l-form (3. l), where b is ---h/4 and j3 is the a of (4.2) with k = 0. It is 
true that (8.1) is generated by x + ip, and (4.1) in this case is (X - ip)/(x + ;P), 
but it is hard to see a general rule for making an Arnol’d map for a complex 
polarization nvolving both real and truly complex vector fields. 
The discussion can be carried on at a more general evel if we observe that 
a = cot + dp, 
where p has a branch point at (0,O) but dp is single-valued (asin indeed the case 
for p = --h log 2I/4i.) 
Wave functions g,have to be of the form 
9, = & + iP) ew((&lfi) + (P2/2fih 
where g is analytic with a singularity only at (0,O) and 
g(x + ip) eiwlfL 
is single-valued (soas to make g, single-valued). Let the integral ofdp around the 
origin be m. Then 
y = 44 exp(GccP) - (m/h) log 4 exp(p2/W, 
where x = x + $ and h is holomorphic except at 0. 
The operator p(H) works out to be 
P(H) = H - (P” + W, 4) + W4 W 
= $(x2 - p’) - {H, p} + (h/i) {H}. 
We calculate he eigenfunctions f p(H) and d iscover that he eigenvalues are 
h = fin + (m/2rr). 
So it is clear that we cannot use p = 0. If as suggested above we have 
p = (-/2/4rr) tan-l(x/p) then m comes out h/2 and X = fi(n + +), where, of 
course, 12 is an integer. 
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